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JOHNSON’S HOMOMORPHISMS AND
THE ARAKELOV-GREEN FUNCTION
NARIYA KAWAZUMI
Abstract. Let pi : Cg → Mg be the universal family of compact Riemann
surfaces of genus g ≥ 1. We introduce a real-valued function on the moduli
space Mg and compute the first and the second variations of the function. As
a consequence we relate the Chern form of the relative tangent bundle TCg/Mg
induced by the Arakelov-Green function with differential forms on Cg induced
by a flat connection whose holonomy gives Johnson’s homomorphisms on the
mapping class group.
Introduction
Let π : Cg → Mg be the universal family of compact Riemann surfaces of genus
g ≥ 1. The orbifold fundamental group πorb1 (Mg) of the moduli space Mg is the
mapping class group for a closed surface of genus g. Johnson [6] introduced a series
of nested subgroups of πorb1 (Mg) and a homomorphism on each of these subgroups.
Today they are called Johnson’s homomorphisms. The first one of the subgroups
is the Torelli group Ig, the kernel of the action of the mapping class group on the
homology of the surface. Moreover he proved the free part of the abelianization
Igabel is given by the first Johnson homomorphism [7]. Morita extended the first
Johnson homomorphism to a crossed homomorphism on the whole group πorb1 (Mg),
and proved that his extension yields all of the Morita-Mumford classes on the
moduli space Mg [11][12].
It is an important subject to study differential geometry of the moduli space Mg
through Johnson’s homomorphisms. Harris [5] defined the harmonic volume of a
compact Riemann surface. This can be interpreted as an analytic couterpart of the
first Johnson homomorphism. Let L be the Hodge line bundle on the moduli space
Mg. The first Morita-Mumford class e1 is twelve times the Chern class c1(L). Hain
and Reed took the pullback of the biextension line bundle [3] along the harmonic
volume to construct a Hermitian line bundle B on Mg, isomorphic to L⊗(8g+4).
Comparing the Hermitian metric on B with the standard metric on L, they defined
and studied a real-valued function βg : Mg → R [4].
In our previous paper [9] we introduced a flat connection on a vector bundle
over the space Mg,1 := TCg/Mg \ (0-section) whose holonomy gives all of John-
son’s homomorphisms for the mapping class group π1(Mg,1). The first term of the
connection form is exactly the first variation of (pointed) harmonic volumes. By
Morita’s recipe [12] the connection form induces canonical 2-forms eJ on Cg and
eJ1 on Mg representing the Chern class of the relative tangent bundle TCg/Mg and
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the first Morita-Mumford class e1, respectively. The 2-form e
J
1 corresponds to the
Hermitian bundle B.
Let {ψi}gi=1 be an orthonormal basis of the holomorphic 1-forms;
√−1
2
∫
C
ψi ∧
ψj = δij , 1 ≤ i, j ≤ g. Then the 2-form B :=
√−1
2g
∑g
i=1 ψi ∧ ψi is a volume form
on C, independent of the choice of the orthonormal basis {ψi}gi=1. The 2-form eJ
is related to the volume form B. It restricts to B
eJ |C = (2− 2g)B ∈ A2(C)
on any Riemann surface C regarded as a fiber of the universal family π : Cg →Mg
( 4.6). Here Aq( ) means the space of the q-forms.
Arakelov made use of the volume form B in his study of arithmetic surfaces [1].
The Arakelov-Green function G on a compact Riemann surface C is defined by
G(P0, P1) := exp(−4πhP0(P1)), P0, P1 ∈ C, where the function hP0 is the Green
function with respect to the volume form B ( 1.9). We may regard the Arakelov-
Green function G as a function defined on the fiber product Cg ×Mg Cg. Then
the differential form eA := 1
2π
√−1∂∂ logG|(diagonal) represents the Chern class of
the line bundle TCg/Mg , since the normal bundle of the diagonal in the product
Cg ×Mg Cg is exactly the relative tangent bundle TCg/Mg . As was observed by
Arakelov [1], we have
eA|C = (2 − 2g)B ∈ A2(C)
for any C.
In this paper we will give an explicit function which links eJ and eA together.
We define
ag(C) := −
g∑
i,j=1
∫
C
ψi ∧ ψj Φ̂(ψi ∧ ψj)
for any compact Riemann surface C, where Φ̂ : A2(C) → A0(C) is the Green
operator with respect to the volume form B ( 1.4). It is independent of the choice of
the orthonormal basis {ψi}gi=1. If g ≥ 2, ag(C) is a positive real number (Corollary
1.2). Hence we obtain a real-valued function ag : Mg → R. Then we have
Theorem 0.1 (= Theorem 3.1).
eA − eJ = −2
√−1
2g(2g + 1)
∂∂ag.
The 2-form eJ is induced by the exterior derivative of the second term of the flat
connection. This fact simplifies the proof, which requires only the first variation of
the function ag.
Next we study the 2-form eJ1 . Moreover we consider the integral along the fiber
eF1 :=
∫
fiber
(eJ)2 ∈ A2(Mg), which also represents the first Morita-Mumford class
e1. The difference e
F
1 − eJ1 ∈ A2(Mg) is null-cohomologous, but does not vanish as
a differential form. Then we have
Theorem 0.2 (= Theorem 6.1).
−2√−1
2g(2g + 1)
∂∂ag =
1
(2g − 2)2 (e
F
1 − eJ1 ).
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To prove the theorem, we compute explicitly eF1 , e
J
1 and the second variation of
ag. The latter half of this paper is devoted to these computations.
As a corollary of these two theorems we obtain
Corollary 0.3.
eA − eJ = 1
(2g − 2)2 (e
F
1 − eJ1 ) ∈ A2(Cg).
Thus the Chern form eA induced by the Arakelov-Green function is expressed
in terms of differential forms induced by the flat connection whose holonomy gives
Johnson’s homomorphisms on the mapping class group.
The author does not know any of further properties of the function ag. It would
be interesting if we could find its explicit relations with other real-valued functions
on Mg including Faltings’ delta function [2] and Hain-Reed’s beta function [4].
Contents
1. A real-valued function ag on the moduli space Mg. 3
2. The first variation of the function ag. 5
3. The flat connection for Johnson’s homomorphisms. 9
4. Integration along the fiber. 13
5. The 2-form eJ1 . 15
6. The second variation of the function ag. 18
References 22
1. A real-valued function ag on the moduli space Mg.
We begin by recalling some basic notions on Riemann surfaces. In the second
half of this section we define the real-valued function ag on the space Mg.
Let g ≥ 1 be an integer, C a compact Riemann surface of genus g.
The Hodge ∗-operator ∗ : T ∗
R
C → T ∗
R
C on the real cotangent bundle T ∗
R
C de-
pends only on the complex structure of C. The −√−1-eigenspace in (T ∗
R
C)⊗C is
the holomorphic cotangent bundle T ∗C, and the
√−1-eigenspace the antiholomor-
phic cotangent bundle T ∗C.
We denote by Aq(C) the complex-valued q-currents on C for 0 ≤ q ≤ 2. The
operator ∗ decomposes the space A1(C) into the ±√−1-eigenspaces
A1(C) = A1,0(C)⊕A0,1(C),
where A1,0(C) is the −√−1-eigenspace and A0,1(C) the √−1-eigenspace. Through-
out this paper we denote by ϕ′ and ϕ′′ the (1, 0)- and the (0, 1)-parts of ϕ ∈ A1(C),
respectively, i.e.,
ϕ = ϕ′ + ϕ′′, ∗ϕ = −√−1ϕ′ +√−1ϕ′′.
If ϕ is harmonic, then ϕ′ is holomorphic and ϕ′′ anti-holomorphic.
Let H denote the complex first homology group of C, H1(C;C), which admits
the intersection pairing
m : H ⊗H → C, X ⊗ Y 7→ m(X ⊗ Y ) = X · Y.
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The dual H∗ is the first complex cohomology group H1(C;C). Consider the map
H∗ → A1(C) assigning to each cohomology class the harmonic 1-form representing
it. The map can be regarded as a H-valued real harmonic 1-form ω(1) ∈ A1(C)⊗H .
Let {Xi, Xg+i}gi=1 be a symplectic basis of H
Xi ·Xg+j = δij , Xi ·Xj = Xg+i ·Xg+j = 0, 1 ≤ i, j ≤ g,
and {ξi, ξg+i}gi=1 ⊂ A1(C) the basis of the harmonic 1-forms dual to {Xi, Xg+i}gi=1.
Then we have
ω(1) =
g∑
i=1
ξiXi + ξg+iXg+i ∈ A1(C)⊗H.
In particular, if {ψi}gi=1 is an orthonormal basis of the holomorphic 1-forms
(1.1)
√−1
2
∫
C
ψi ∧ ψj = δij , 1 ≤ i, j ≤ g,
then we obtain
(1.2) ω(1) =
g∑
i=1
ψiYi + ψiYi,
where {Yi, Yg+i}gi=1 ⊂ HC is the dual basis of the symplectic basis {[ψi],
√−1
2 [ψi]}gi=1
of H∗ = H1(C;C).
Since the complete linear system of the canonical divisor on the complex algebraic
curve C has no basepoint, the 2-form
(1.3) B :=
1
2g
m(ω(1) ∧ ω(1)) =
1
2g
ω(1) · ω(1) =
√−1
2g
g∑
i=1
ψi ∧ ψi
is a volume form on C with
∫
C
B = 1.
We denote by Φ̂ = Φ̂C : A
2(C)→ A0(C) the Green operator with respect to the
volume form B. We have
d ∗ dΦ̂(Ω) = Ω− (
∫
C
Ω)B,(1.4) ∫
C
Φ̂(Ω)B = 0(1.5)
for any Ω ∈ A2(C). The Hodge decomposition on the 1-currents on C is given by
(1.6) ϕ = Hϕ+ ∗dΦ̂dϕ+ dΦ̂d ∗ ϕ
for any ϕ ∈ A1(C). Here H is the harmonic projection and satisfies
(1.7) Hϕ = −ω(1) ·
(∫
C
ω(1) ∧ ϕ
)
= −
(∫
C
ϕ ∧ ω(1)
)
· ω(1).
If ϕ′ is a (1, 0)-current, then
(1.8) ϕ′ = Hϕ′ + 2 ∗ ∂Ψ∂ϕ′ = Hϕ′ − 2√−1∂Ψ∂ϕ′.
Let δP0 ∈ A2(C) be the delta current at P0 ∈ C. We define
(1.9) h = hP0 := −Φ̂(δP0).
G(P0, P1) := exp(−4πhP0(P1)) is the Arakelov-Green function. We have
1
2π
√−1∂∂ logG(P0, ) = B − δP0 .
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If Ω is a smooth 2-form on C, then Φ̂(Ω) is smooth. We have∫
C
Φ̂(Ω′)Ω =
∫
C
Ω′Φ̂(Ω)
for any Ω′ ∈ A2(C). In particular, if Ω′ = δP0 , then
Φ̂(Ω)(P0) = −
∫
C
hP0Ω =
1
4π
∫
C
logG(P0, )Ω.
Now we introduce the function ag on the moduli space Mg. For [C] ∈ Mg we
define
ag(C) := (m⊗m)
∫
C
ω(1)Φ̂(ω(1) ∧ ω(1))ω(1) =
∫
C
ω(1) · Φ̂(ω(1) ∧ ω(1)) · ω(1).
From ( 1.2)
ag(C) = −
g∑
i,j=1
∫
C
ψi ∧ ψj Φ̂(ψi ∧ ψj)
= − 1
4π
g∑
i,j=1
∫
(P0,P1)∈C×C
(ψi ∧ ψj)P0 logG(P0, P1)(ψi ∧ ψj)P1 .
It is easy to see
Lemma 1.1. We have ∫
C
ΩΦ̂(Ω) ≤ 0
for any smooth 2-form Ω. Moreover we have
∫
C
ΩΦ̂(Ω) = 0 if and only if Ω ∈ CB.
Proof. By a straightforward computation we have∫
C
ΩΦ̂(Ω) = −√−1
∫
C
∂Φ̂(Ω) ∧ ∂Φ̂(Ω)−√−1
∫
C
∂Φ̂(Ω) ∧ ∂Φ̂(Ω).
This implies the first half of the lemma.
Assume
∫
C Ω Φ̂(Ω) = 0. Then ∂Φ̂(Ω) = ∂Φ̂(Ω) = 0, so that Φ̂(Ω) is constant.
From ( 1.4) we obtain Ω = (
∫
C
Ω)B ∈ CB. 
It follows from the lemma
Corollary 1.2.
ag(C) > 0, if g ≥ 2.
In the case g = 1 we have a1(C) = 0.
2. The first variation of the function ag.
In this section we study the first variations of the funcion ag and the Green
function h.
Let C be a compact Riemann surface of genus g ≥ 1. We define the map
M : H⊗4 → C by
M(Z1Z2Z3Z4) := (m⊗m)(Z2Z3Z4Z1) = (Z2 · Z3)(Z4 · Z1)
for Zi ∈ H . Here and throughout this paper we omit the symbol ⊗ frequently, so
that we write simply Z1Z2Z3Z4 for Z1 ⊗ Z2 ⊗ Z3 ⊗ Z4. Then
ag(C) = −M
∫
C
Φ̂(ω(1) ∧ ω(1))ω(1) ∧ ω(1)
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Let I ∈ H⊗2 denote the intersection form. If {Xi, Xg+i}gi=1 ⊂ H is a symplectic
basis, then
(2.1) I =
g∑
i=1
XiXg+i −Xg+iXi.
For Z,Z1, Z2 ∈ H it is easy to see
(m⊗ 1H)(ZI) = (1H ⊗m)(IZ) = −Z,(2.2)
M(IZ1Z2) =M(Z1Z2I) = m(Z1Z2) = Z1 · Z2.(2.3)
We denote by ∗˜ : H → H the transpose of the Hodge ∗-operator on H∗ = H1(C;C).
It is clear that
(2.4) (∗˜Z1) · (∗˜Z2) = Z1 · Z2, ∀Z1, ∀Z2 ∈ H.
We have ∗˜Yi = −
√−1Yi for the symplectic basis {Yi, Yg+i}gi=1 in ( 1.2). Let H ′
and H ′′ be the −√−1- and the √−1- eigenspaces of the operator ∗˜, respectively.
These are isotropic subspaces of H . We have
(2.5) ω(1) = ω
′
(1) + ω
′′
(1), ω
′
(1) = ω
′′
(1) =
g∑
i=1
ψiYi ∈ A1(C)⊗H ′,
where {ψi}gi=1 is the orthonormal basis of the holomorphic 1-forms in ( 1.1). In
particular,
(2.6) ∗ ω(1) = ∗˜ω(1).
Consider a C∞ family of compact Riemann surfaces Ct, t ∈ R, |t| ≪ 1, with
C0 = C. The family {Ct} is trivial as a C∞ fiber bundle over an interval near t = 0,
so that we obtain a C∞ family of C∞ diffeomorphisms f t : C → Ct with f0 = 1C .
In general, if © =©t is a “function” in t ∈ R, |t| ≪ 1, then we write simply
(2.7)

© := d
dt
∣∣∣
t=0
©t .
For example, we denote
(µ(f)) :=
d
dt
∣∣∣
t=0
µ(f t).
Here µ(f t) is the complex dilatation of the diffeomorphism f t. Let z be a complex
coordinate on C, and ζ on Ct. The complex dilatation µ(f
t) is defined locally by
µ(f t) = µ(f t)(z)
d
dz
⊗ dz = (ζ ◦ f
t)z
(ζ ◦ f t)z
d
dz
⊗ dz,
which does not depend on the choice of the coordinates z and ζ. In this paper we
write more simply
µ = (µ(f)).
The Dolbeault cohomology class [µ] ∈ H1(C;OC(TC)) is exactly the tangent vector
d
dt
∣∣
t=0
[Ct] ∈ T[C]Mg.
We define a linear operator S = S[µ] : A1(C)→ A1(C) by
S(ϕ) = S(ϕ′) + S(ϕ′′) := −2ϕ′µ− 2ϕ′′µ,
for ϕ = ϕ′ + ϕ′′, ϕ′ ∈ A1,0(C), ϕ′′ ∈ A0,1(C). The first variation of ∗t := f t∗∗Ct is
given by
(2.8)
∗ = ∗S = −S∗ : A1(C)→ A1(C).
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[9, §7].
As to the harmonic form ωt(1) := f
t∗ωCt(1), we have
Lemma 2.1.

ω(1) = −dΦ̂d ∗ Sω(1).
Proof. Since ωt(1) is cohomologous to ω
0
(1), there exists a function u such that

ω(1) =
du. Differentiating d ∗t ωt(1) = 0, we get
d ∗ du = d ∗ ω(1) = −d ∗ω(1) = −d ∗ Sω(1).
Hence u ≡ −Φ̂d ∗ Sω(1) modulo the constant functions. 
In this paper we write
Ω0 := ω(1) ∧ ω(1) ∈ A2(C)⊗H⊗2
K0 := Φ̂(Ω0) = Φ̂(ω(1) ∧ ω(1)) ∈ A0(C)⊗H⊗2
ν0 := ∗∂K0 = ∗∂Φ̂(Ω0) ∈ A1,0(C)⊗H⊗2.
The first variation of ag is given by the following.
Theorem 2.2. Let Ξ be the quadratic differential defined by
Ξ := M
(
(∗∂K0)(∗∂K0) + 4(∗∂Φ̂(∗dK0 ∧ ω(1)))ω′(1)
)
Then we have

ag = −ℜ
(
4
√−1
∫
C
Ξµ
)
.
We denote by
T̂ :=
∞∏
m=0
H⊗m
the completed tensor algebra generated by H . Let Ω = {Ωt}, t ∈ R, |t| ≪ 1, be a
family of 2-forms with values in the algebra T̂ . Assume A :=
∫
C Ω ∈ T̂ is constant,
and denote K := Φ̂(Ω). Then we have
Lemma 2.3.
(
∫
C
KΩ) =
∫
C
(

ΩK +K

Ω)−
∫
C
(

B AK +K

BA)−
∫
C
(d
∗dK)K.
Proof. Since Ω = d ∗ dK +BA and ∫C KB = 0, we have∫
C

K Ω =
∫
C

K d ∗ dK +
∫
C

K BA =
∫
C
(d ∗ d K)K −
∫
C
K

BA
=
∫
C
(

Ω−

BA− d ∗dK)K −
∫
C
K

BA.
Hence
(
∫
C
KΩ) =
∫
C

K Ω +
∫
C
K

Ω
=
∫
C
(

ΩK +K

Ω)−
∫
C
(

BAK +K

BA)−
∫
C
(d
∗dK)K,
as was to be shown. 
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Let θ and ϕ be real 1-forms on C with values in T̂ . Then we have
(2.9)
∫
C
∗θ ∧ Sϕ = ℜ
(
4
√−1
∫
C
θ′ϕ′µ
)
.
In fact, we have∫
C
∗θ ∧ Sϕ = −2
∫
C
∗θ ∧ (ϕ′µ+ ϕ′′µ) = 2√−1
∫
C
(θ′ − θ′′) ∧ (ϕ′µ+ ϕ′′µ)
= 2
√−1
∫
C
(θ′ϕ′)µ− 2√−1
∫
C
(θ′′ϕ′′)µ = ℜ
(
4
√−1
∫
C
(θ′ϕ′)µ
)
.
Proof of Theorem 2.2. Since H ′ and H ′′ are isotropic in H ,
M(∗∂Φ̂(ν0 ∧ ω′′(1))ω′(1)) =M(∗∂Φ̂(∗dΦ̂(Ω0) ∧ ω(1))ω′(1)).
Hence we have
(2.10) Ξ =M
(
ν0ν0 + 4(∗∂Φ̂(ν0 ∧ ω′′(1)))ω′(1)
)
Now applying Lemma 2.3 to ag = −M
∫
C K0Ω0, we have
(2.11) − ag = 2M
∫
C
K0

Ω0−2M
∫
C

BK0I −M
∫
C
(d
∗dK0)K0.
The first term of the RHS in ( 2.11) is
2M
∫
C
Φ̂(Ω0)

ω(1) ∧ ω(1) + 2M
∫
C
Φ̂(Ω0)ω(1) ∧ ω(1)
= 4M
∫
C
Φ̂(Ω0)ω(1) ∧ ω(1) = 4M
∫
C
Φ̂(Ω0)ω(1) ∧ dΦ̂d ∗ (−Sω(1))
= −4M
∫
C
∗dΦ̂(dΦ̂(ω(1) ∧ ω(1)) ∧ ω(1)) ∧ Sω(1)
= −4M
∫
C
∗dΦ̂(dΦ̂(∗˜ω(1) ∧ ∗˜ω(1)) ∧ ∗˜ω(1)) ∧ S∗˜ω(1)
= 4M
∫
C
∗ ∗ dΦ̂(∗dΦ̂(Ω0) ∧ ω(1)) ∧ Sω(1).
From ( 2.3) the second term vanishes. In fact,
M
∫
C

BK0I = m
∫
C

BK0 = 2g
∫
C

B Φ̂(B) = 0.
The third term is
−M
∫
C
(d
∗dK0)K0 = −M
∫
C
(
∗dK0)dK0 =M
∫
C
dK0(
∗dK0)
= −M
∫
C
∗dK0 ∧ ∗S ∗ dK0 =M
∫
C
∗ ∗ dK0 ∧ S ∗ dK0.
Hence from ( 2.9)
− ag = M
(∫
C
∗ ∗ dK0 ∧ S ∗ dK0 + 4
∫
C
∗ ∗ dΦ̂(∗dK0 ∧ ω(1)) ∧ Sω(1)
)
= ℜ
(
4
√−1
∫
C
Ξµ
)
,
as was to be shown. 
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Next we study the first variation of the Green function h = −Φ̂(δP0). Let
(Ct, P
t
0), t ∈ R, |t| ≪ 1, a C∞ curve on the universal family Cg. We can choose a
family of diffeomorphisms f t : (C,P0)→ (Ct, P t0) such that f t is complex analytic
near P0 for sufficiently small t. Then µ = (µ(f))
 vanishes near the point P0.
We compute

h = ddt
∣∣∣
t=0
f t
∗
hP t
0
. Since f t
∗
δP t
0
= δP0 is constant, we have
d ∗ d h =

B−d ∗dh.
The RHS is smooth near P0 since µ and d
∗dh vanish near P0. Hence

h is smooth
near P0 so that we may take the value of

h at the point P0,

h(P0).
From what we have discussed we may apply Lemma 2.3 to the 2-current Ω =
−δP0 . Then we have δP0  = 0, K = hP0 , A = −1 and (
∫
C KΩ)
 =
∫
C K
 Ω =
− h(P0). Hence we obtain
(2.12)

h(P0) = −2
∫
C
h

B+
∫
C
h(d
∗dh).
Theorem 2.4. Let Υ be the quadratic differential defined by
Υ := (∗∂h)(∗∂h) + 2
g
∗ ∂Φ̂(∗dh ∧ ω(1)) · ω′(1)
Then we have

h(P0) = −ℜ
(
4
√−1
∫
C
Υµ
)
.
Proof. We have

B = 1gω(1) ·

ω(1) since B =
1
2gω(1) · ω(1). As to the first term in
( 2.12) we have
g
∫
C
h

B =
∫
C
hω(1) · ω(1) = −
∫
C
hω(1) · dΦ̂d ∗ Sω(1)
= −
∫
C
∗dΦ̂d(hω(1)) · Sω(1) =
∫
C
∗dΦ̂(∗dh ∧ ω(1)) · S∗˜ω(1)
= +
∫
C
∗ ∗ dΦ̂(∗dh ∧ ω(1)) · Sω(1) = ℜ
(
4
√−1
∫
C
(∗∂Φ̂(∗dh ∧ ω(1)) · ω′(1))µ
)
.
The last line follows from ( 2.9).
The second term is equal to∫
C
h(d
∗dh) = −
∫
C
dh ∧ ∗dh =
∫
C
dh ∧ S ∗ dh
= −
∫
C
∗ ∗ dh ∧ S ∗ dh = −ℜ
(
4
√−1
∫
C
(∗∂h)(∗∂h)µ
)
.
This completes the proof. 
3. The flat connection for Johnson’s homomorphisms.
Now we regard the Arakelov-Green function G(P0, P1) := exp(−4πhP0(P1)) as
a function on the fiber product Cg ×Mg Cg. The normal bundle of the diagonal
map Cg → Cg ×Mg Cg is equal to the relative tangent bundle TCg/Mg . Hence the
(1, 1)-form on Cg
eA :=
1
2π
√−1∂∂ logG
∣∣∣
diagonal
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represents the first Chern class of the bundle TCg/Mg . Since
1
2π
√−1 logG(P0, ) =
2
√−1hP0 , we have
(3.1) eA[C,P0] = −2
√−1 ∂∂hP0 .
In this section we review a flat connection introduced in the previous paper
[9], whose holonomy gives Johnson’s homomorphisms on the mapping class group.
The connection induces a (1, 1)-form eJ on Cg representing the first Chern class of
TCg/Mg following Morita’s recipe [12]. We relate the second term of the connection
form with the first variations

ag and

h(P0) computed in §2. As a consequence we
obtain
Theorem 3.1.
eA − eJ = −2
√−1
2g(2g + 1)
∂∂ag.
Let [C,P0] ∈ Cg be a pointed Riemann surface. We define the Green operator
Φ = Φ(C,P0) : A2(C)→ A0(C)/C with respect to the delta current δP0 by
(3.2) d ∗ dΦ(Ω) = Ω− (
∫
C
Ω) δP0 .
Here A0(C)/C is the quotient space by the constant functions C. Since dΦd = dΦ̂d,
we have the Hodge decomposition
(3.3) ϕ = Hϕ+ ∗dΦdϕ+ dΦd ∗ ϕ
for any ϕ ∈ A1(C).
We have
(3.4) ∗ dΦ̂(Ω) = ∗dΦ(Ω)− (
∫
C
Ω) ∗ dh
for any Ω ∈ A2(C). In fact, Ω− (∫C Ω)δP0 is d-exact, so that
∗dΦ(Ω)− ∗dΦ̂(Ω) = (
∫
C
Ω)(∗dΦ− ∗dΦ̂)(δP0) = (
∫
C
Ω) ∗ dh.
In particular, substituting Ω = B into ( 3.4), we obtain
(3.5) ∗ dh = ∗dΦ(B) = 1
2g
m ∗ dΦ(Ω0)
Now we define ω(n), n ≥ 2, by
ω(n) := ∗dΦ
(
n−1∑
p=1
ω(p) ∧ ω(n−p)
)
inductively on n, and ω :=
∑∞
n=1 ω(n) ∈ A1(C)⊗̂T̂ . Here ⊗̂ means the completed
tensor product. Then we have the (modified) integrability condition
dω = ω ∧ ω − IδP0 ,
where I ∈ H⊗2 is the intersection form in ( 2.1). This means the 1-form ω defines a
flat connection on the vector bundle (C \ {P0})× T̂ . Its holonomy is the harmonic
Magnus expansion, an embedding of the fundamental group of C \ {P0} with a
tangential basepoint towards P0 into the multiplicative group of the algebra T̂ [9].
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In the case n = 2 we have
(3.6) ω(2) = ∗dΦ(Ω0) = ∗dΦ̂(Ω0) + I ∗ dh = ∗dK0 + I ∗ dh.
from ( 3.4).
Lemma 3.2.
(m⊗m+M)(ω′(2)ω′(2) + 2ω′(3)ω′(1)) = Ξ + 2g(2g + 1)Υ.
Proof. We have mK0 = 2gΦ̂(B) = 0 so that mω(2) = 2g ∗ dh. It follows from ( 3.7)
(m⊗m+M)(ω′(2)ω′(2)) = M(∗∂K0)(∗∂K0) + (m⊗m+M)(II)(∗∂h)(∗∂h)
= M(∗∂K0)(∗∂K0) + 2g(2g + 1)(∗∂h)(∗∂h).
Since ω(2) ∧ ω(1) is d-exact,
ω′(3) = ∗∂Φ̂(ω(2) ∧ ω(1)) + ∗∂Φ̂(ω(1) ∧ ω(2)).
Hence
(m⊗m+M)(ω′(3)ω′(1))
= 2(m⊗m)(∗∂Φ̂(ω(2) ∧ ω(1))ω′(1)) + 2M(∗∂Φ̂(ω(2) ∧ ω(1))ω′(1))
= 2(2g + 1) ∗ ∂Φ̂(∗dh ∧ ω(1)) · ω′(1) + 2M(∗∂Φ̂(∗dK0 ∧ ω(1))ω′(1)).
This completes the proof. 
We introduce the operator N : T̂ → T̂ defined by
N |H⊗n :=
n−1∑
k=0
(
1 2 · · · n− 1 n
2 3 · · · n 1
)k
.(3.7)
As was shown in [9, §7], the covariant tensor N(ω′ω′) is a meromorphic quadratic
differential with a unique pole at P0, and so it is regarded as a (1, 0)-cotangent
vector at [C,P0, v] ∈Mg,1 in a natural way. We denote by η′n the (n+2)-nd graded
component of N(ω′ω′). By abuse of notation we denote by H⊗n the vector bundle
H⊗n :=
∐
[C]∈Mg
H1(C;C)
⊗n
over the moduli space Mg. ηn := η
′
n+ η
′
n is a twisted real 1-form with values in the
vector bundle H⊗(n+2) on Mg,1. The real twisted 1-form η :=
∑∞
n=1 ηn induces a
flat connection on H∗⊗ T̂2 and the holonomy gives all of Johnson’s homomorphisms
on the mapping class group π1(Mg,1). Here we denote T̂2 :=
∏∞
n=1H
⊗(n+2).
Now we look at η′2 = N(ω
′
(1)ω
′
(3) + ω
′
(2)ω
′
(2) + ω
′
(3)ω
′
(1)). By Lemma 3.2 we have
(m⊗m)η′2 =
√−1∂ag + 2g(2g + 1)
√−1∂h(P0).
Hence ∂(m⊗m)η′2 = 0 and d(m⊗m)η2 = 2∂(m⊗m)η′2. Consequently
Corollary 3.3.
d(m⊗m)η2 = −2
√−1∂∂ag − 2g(2g + 1)eA.
12 NARIYA KAWAZUMI
From the flatness of η we have dη1 = 0. Moreover η1 may be regarded as a real
1-form on Cg. We identify
∧3
H with a submodule of H⊗3 by the embedding
(3.8)
∧3
H → H⊗3, Z1 ∧ Z2 ∧ Z3 7→
∑
σ∈S3
(sgnσ)Zσ(1)Zσ(2)Zσ(3).
As was proved in [9, §8], the cohomology class −[η1] is equal to the first extended
Johnson homomorphism k˜ ∈ H1(Cg;
∧3
H) introduced by Morita [11].
We define M̂ : H⊗6 → C by
(3.9) M̂(Z1Z2Z3W1W2W3) := (Z1 ·W1)(Z2 ·W2)(Z3 ·W3), Zi,Wi ∈ H,
M1 and M2 :
∧3
H ⊗∧3H → C by
M1 := (m⊗m⊗m)|V3H⊗V3H and M2 := M̂ |V3H⊗V3H
respectively. Then Morita [12] proved
Theorem 3.4 ([12], Theorems 5.1 and 5.8).
− 1
2g(2g + 1)
(M1 +M2)(k˜
⊗2) = e(:= c1(TCg/Mg )) ∈ H2(Cg;C).
1
2g + 1
(−3M1 + 2(g − 1)M2)(k˜⊗2) = e1 ∈ H2(Cg;C).
Here e1 is the first Morita-Mumford class [13] [10] on the moduli space Mg.
Following this theorem we define
eJ := − 1
2g(2g + 1)
(M1 +M2)(η1
⊗2)(3.10)
eJ1 :=
1
2g + 1
(−3M1 + 2(g − 1)M2)(η1⊗2).(3.11)
These are closed 2-forms on Cg representing the cohomology classes e and e1, re-
spectively. As will be shown in §5, eJ1 can be regarded as a 2-form on Mg.
Moreover we define M3 and M4 : H
⊗6 → H⊗4 by
M3(Z1Z2Z3W1W2W3) := (Z3 ·W1)Z1Z2W2W3,(3.12)
M4(Z1Z2Z3W1W2W3) := (Z3 ·W2)W1Z1Z2W3,(3.13)
respectively. Then we have
(3.14) (m⊗m)M3|V3H⊗V3H =M1, and (m⊗m)M4|V3H⊗V3H =M2.
It follows from the flatness of η
dη2 = (M3 +M4)(η1
⊗2)
[9, Lemma 2.4]. Hence we obtain
(3.15) (m⊗m)dη2 = (M1 +M2)(η1⊗2) = −2g(2g + 1)eJ .
Theorem 3.1 follows from Corollary 3.3 and ( 3.14).
The residue of the quadratic differential (m⊗m)(η′2) at the pole P0 is− 18π2 2g(2g+
1). This also implies − 12g(2g+1) (m ⊗m)dη2 represents the first Chern form of the
relative tangent bundle TCg/Mg .
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4. Integration along the fiber.
Now we introduce another 2-form on Mg
eF1 :=
∫
fiber
(eJ )2
representing the first Morita-Mumford class e1 ∈ H2(Mg;C). To simplify the situ-
ation we compute
EF1 :=
1
4(2g − 2)4
∫
fiber
M1(η1
⊗2)2 =
1
4
∫
fiber
(m⊗m)(ηH1 )⊗4
instead of eF1 . Here we denote
ηH1 :=
1
2g − 2(m⊗ 1)η1
It is clear that 1(2g−2)2M1(η1
⊗2) = m(ηH1
⊗2
). Since
(4.1) M1(η1
⊗2) = −eJ1 + 2g(2− 2g)eJ ,
we have
EF1 =
g2
(2g − 2)2 e
F
1 −
g
(2g − 2)2 e
J
1
[EF1 ] =
g
4(g − 1)e1.
Let λ and µ be Beltrami differentials, or equivalently elements in C∞(C;TC ⊗
T ∗C). λ and µ are regarded as tangent vectors of Mg at [C]. We define
ℓλ := 2Φ̂d ∗ (ω′(1)λ) ∈ A0(C)⊗H ′
Lλ :=
∫
C
ℓλω(1) ∧ ω(1) ∈ H⊗3
cλ :=
1
1− g (m⊗ 1)(L
λ) =
1
1− g
∫
C
(ℓλ · ω(1))ω(1) ∈ H.(4.2)
The purpose of this section is to prove
Theorem 4.1. The 2-form EF1 is a (1, 1)-form on the moduli space Mg, and we
have
EF1 (λ, µ) = 2
∫
C
(ℓλ · ω(1))(ω(1) · ℓµ) + 2g
∫
C
(ℓλ · ℓµ)B + (2− 2g)cλ · cµ
for any λ and µ ∈ C∞(C;TC ⊗ T ∗C).
We denote by q the (1, 0)-part of −ηH1
q :=
1
2− 2g (m⊗ 1)N(ω
′
(1)ω
′
(2) + ω
′
(2)ω
′
(1)),
which is a meromorphic quadratic differential on C with a unique pole at P0.
Lemma 4.2. ∫
C
qλ = ℓλ(P0) + c
λ
for any λ ∈ C∞(C;TC ⊗ T ∗C).
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Proof. From ( 3.5) and ( 3.7) we have
(4.3) q =
2
1− g (m⊗ 1)(ω
′
(1)ν0)− 2ω′(1) ∗ ∂h.
In general, for any 2-current Ω and smooth 1-form ϕ, we have∫
C
∗dΦ̂(Ω) ∧ ϕ =
∫
C
ΩΦ̂d ∗ ϕ(4.4) ∫
C
ϕ ∧ ∗dΦ̂(Ω) = −
∫
C
(Φ̂d ∗ ϕ)Ω.(4.5)
Hence
2(m⊗ 1)
∫
C
(ω′(1)ν0)λ = −2(m⊗ 1)
∫
C
(ω′(1)λ) ∗ dΦ̂(ω(1) ∧ ω(1))
= (m⊗ 1)
∫
C
ℓλω(1) ∧ ω(1) = (1− g)cλ,
2
∫
C
(ω′(1) ∗ ∂h)λ = 2
∫
C
(ω′(1)λ) ∗ dΦ̂(δP0) = −ℓλ(P0).
Consequently
∫
C
qλ = cλ + ℓλ(P0), as was to be shown. 
Lemma 4.3. ∫
C
q∂V ′ = (ω′(1)V
′)(P0)
for any V ′ ∈ C∞(C;TC). In other words, as a (1, 0)-form on Cg, q restricts to
ω′(1) on the fiber C of the universal family π : Cg →Mg.
Proof. Let z be a complex coordinate on C centered at P0. We have −2 ∗ ∂h ∼
1
2π
√−1
dz
z near P0. Since q is integrable on C and holomorphic on C \ {P0},∫
C
q∂V ′ = − lim
ǫ↓0
∫
|z|≥ǫ
d(qV ′) = lim
ǫ↓0
∮
|z|=ǫ
qV ′
=
1
2π
√−1 limǫ↓0
∮
|z|=ǫ
(ω′(1)V
′)
dz
z
= (ω′(1)V
′)(P0).
This proves the lemma. 
By ( 4.1) we obtain
eJ |C = 2− 2g
2g
m(ηH1
⊗2
)|C = 2− 2g
2g
m(ω(1) ∧ ω(1)) = (2− 2g)B.(4.6)
Proof of Theorem 4.1. The 1-forms q and ω′(1) have values in H
′. Since H ′ is
isotropic, we have m(ω′(1)ω
′
(1)) = m(ω
′
(1)q) = m(qq) = 0. This means the (2, 0)-
and the (0, 2)-parts of EF1 vanish.
From what we have discussed above it follows
EF1 (λ, µ)
= (m⊗m)
(∫
C
(∫
C
qλ
)(∫
C
qµ
)
ω(1)ω(1) − 2
∫
C
(∫
C
qλ
)
ω(1)
(∫
C
qµ
)
ω(1)
)
=
∫
C
(∫
C
qλ
)
· (2Ω0 − 2gBI) ·
(∫
C
qµ
)
=
∫
C
(ℓλ + cλ) · (2Ω0 − 2gBI) · (ℓµ + cµ).
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Since
∫
C
ℓλB = 0, we have
cλ · (
∫
C
2Ω0 − 2gBI) · cµ = cλ · (2− 2g)I · cµ = (2g − 2)cλ · cµ,
cλ · (
∫
C
(2Ω0 − 2gBI) · ℓµ) = 2cλ ·
∫
C
ω(1) ∧ ω(1) · ℓµ = (2 − 2g)cλ · cµ,
(
∫
C
ℓλ · (2Ω0 − 2gBI)) · cµ = (2− 2g)cλ · cµ.
Hence we obtain
EF1 (λ, µ) = 2
∫
C
(ℓλ · ω(1))(ω(1) · ℓµ) + 2g
∫
C
(ℓλ · ℓµ)B + (2− 2g)cλ · cµ.
This completes the proof. 
In order to compare EF1 with the 2-form e
J
1 we prove
Lemma 4.4.
EF1 (λ, µ) = −2
∫
C
ℓµ · (ℓλω′(1) − ω′(1)ℓλ) · ω′′(1) + (2− 2g)cλ · cµ
Proof. ∫
C
(ℓλ · ω(1))(ω(1) · ℓµ) + g
∫
C
(ℓλ · ℓµ)B
=
∫
C
(ℓµ · ω′(1))(ℓλ · ω′′(1))−
∫
C
(ℓµ · ℓλ)(ω′(1) · ω′′(1))
= −
∫
C
ℓµ · (ℓλω′(1) − ω′(1)ℓλ) · ω′′(1).

5. The 2-form eJ1 .
In this section we compute eJ1 (λ, µ) for λ, µ ∈ C∞(C;TC ⊗ T ∗C). We begin by
a review on the module
∧3
H and Sp(H)-invariant linear forms on
∧3
H ⊗ ∧3H.
We regard H as a submodule of
∧3
H through the injection qH : Z ∈ H 7→ Z ∧ I =
N(ZI) ∈ ∧3H. If we define pH := 12g−2 (m ⊗ 1)|V3H : ∧3H → H , we have
pHqH = 1H . Following [12] we write
U := Coker qH =
∧3
H/H.
We denote the natural projection by pU :
∧3H → U . The module U is identified
with Ker pH ⊂ ∧3H. We denote by qU : U → Ker pU ⊂ ∧3H the natural injection.
As was proved in [9, §8],
ηU1 := q
U
p
Uη1
can be regarded as a 1-form on the moduli space Mg with values in the vector
bundle
∧3
H .
The map M̂ : H⊗6 → C in ( 3.9) satisfies
(5.1) M̂((Z1Z2Z3)(Z4I)) = (Z1 · Z4)(Z2 · Z3)
for any Zi ∈ H .
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Lemma 5.1. For any z = Z1 ∧ Z2 ∧ Z3 and w =W1 ∧W2 ∧W3 ∈
∧3
H we have
M̂(qUpUz)(qUpUw) = (M2 − 3
2g − 2M1)(zw).
Proof. Denote ZH := pHz, WH := pHw, zH := qHZH and wH := qHWH . We
have qUpUz = z − zH and qUpUw = w − wH . It is clear that M̂(zw) = M2(zw).
By straightforward computation using ( 5.1) we obtain
M̂(zwH) = M̂(zHw) = M̂(N(ZHI)w) =
3
2g − 2M1(zw) and
M̂(zHwH) = 3M̂(N(ZHI)WHI) =
3
2g − 2M1(zw).
Hence
M̂(qUpUz)(qUpUw) = M̂(z − zH)(w − wH) =M2(zw)− 3
2g − 2M1(zw),
as was to be shown. 
By Lemma 5.1 and ( 3.11) we obtain
eJ1 =
2g − 2
2g + 1
M̂((ηU1 )
⊗2).
Denote by Q0 the (1, 0)-part of η
U
1
Q0 := N(ω
′
(1)ω
′
(2) + ω
′
(2)ω
′
(1)) +N(qI),
which has values in
∧2
H ′ ∧H ′′. Since H ′ and H ′′ are isotropic, eJ1 is a (1, 1)-form.
We have
(5.2)
2g + 1
2(2g − 2)e
J
1 (λ, µ) = M̂
((∫
C
Q0λ
)(∫
C
Q0µ
))
for any λ and µ ∈ C∞(C;TC ⊗ T ∗C).
Lemma 5.2. ∫
C
Q0λ = N(L
λ + cλI) ∈
∧3
H ⊂ H⊗3.
Proof. By ( 4.3) and ( 3.7)
Q0 = 2N(ω
′
(1)ω
′
(2) − ω′(1)(∗∂h)I +
1
1− gω
′
(1) · ν0I)
= 2N(ω′(1)ν0 +
1
1− gω
′
(1) · ν0I).
Moreover
2
∫
C
ω′(1)ν0λ = −2
∫
C
ω′(1)λ ∗ dΦ̂(Ω0) =
∫
C
ℓλω(1) ∧ ω(1) = Lλ.
Hence ∫
C
Q0λ = N(L
λ +
1
1− g (m⊗ 1)(L
λ)I) = N(Lλ + cλI),
as was to be shown. 
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For simplicity we write
EJ1 :=
2g + 1
6(2g − 2)e
J
1 .
Then we have
Lemma 5.3.
EJ1 (λ, µ) = M̂((NL
λ)Lµ) + (2− 2g)cλ · cµ.
Proof. By ( 5.2) we have
EJ1 (λ, µ) = M̂((NL
λ)Lµ) + M̂((NLλ)cµI)− M̂((NLµ)cµI) + M̂((NcλI)cµI).
The fourth term in the RHS is (2g − 2)cλ · cµ. From ( 5.1) the second term is
M̂(N(
∫
C
ℓλω(1) ∧ ω(1))cµI)
= (
∫
C
ℓλ(ω(1) · ω(1))) · cµ + 2
∫
C
(ℓλ · ω(1))(ω(1) · cµ)
= 2g(
∫
C
ℓλB) · cµ + 2((m⊗ 1)Lλ) · cµ = (2− 2g)cλ · cµ.
Similarly the third term is equal to (2− 2g)cλ · cµ. This proves the lemma. 
The amounts Lλ and cλ depend only on λ and the surface C. This means ηU1
and eJ1 can be regarded as differential forms on the space Mg.
Moreover we obtain
Proposition 5.4.
EJ1 (λ, µ) = −2
∫
C
ℓµ · H(ℓλω′(1) − ω′(1)ℓλ) · ω′′(1) + (2− 2g)cλ · cµ.
Proof. We have
M̂(LλLµ)
= M̂(
∫
C
ℓλω′(1) ∧ ω′′(1))(
∫
C
ℓµω′′(1) ∧ ω′(1)) + M̂(
∫
C
ℓλω′′(1) ∧ ω′(1))(
∫
C
ℓµω′(1) ∧ ω′′(1))
= 2M̂(
∫
C
ℓλω′(1) ∧ ω′′(1))(
∫
C
ℓµω′′(1) ∧ ω′(1))
= 2M(
∫
C
ℓλω′(1) ∧ ω(1)) · (
∫
C
ω(1) ∧ ω′′(1)ℓµ)
= −2M
∫
C
H(ℓλω′(1))ω′′(1)ℓµ.
Hence
M̂((NLλ)Lµ)
= M̂(LλLµ)− 2M̂(
∫
C
ω(1)ℓ
λ ∧ ω(1))(
∫
C
ℓµω(1) ∧ ω(1))
= M̂(LλLµ)− 2M(
∫
C
ω′(1)ℓ
λ ∧ ω(1)) · (
∫
C
ω(1) ∧ ω′′(1)ℓµ)
= M̂(LλLµ) + 2M
∫
C
H(ω′(1)ℓλ)ω′′(1)ℓµ
= 2M
∫
C
H(ω′(1)ℓλ − ℓλω′(1))ω′′(1)ℓµ,
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as was to be shown. 
Finally we compute the 2-form on Mg
(5.3) ED1 := E
F
1 − EJ1 =
g2
(2g − 2)2 e
F
1 −
2g2 + 2g − 1
3(2g − 2)2 e
J
1
representing 112e1.
Lemma 5.5.
ED1 (λ, µ) = 4M
∫
C
H(ω′(1)λ) ∧ ω′(1)Φ̂d ∗ (ω′′(1)ℓµ − ℓµω′′(1)).
Proof. By ( 1.6) we have
(5.4) ∂ℓλ = 2∂Φ̂d ∗ (ω′(1)λ) = ω′(1)λ−H(ω′(1)λ).
Hence by ( 1.8)
(1 −H)(ℓλω′(1) − ω′(1)ℓλ)
= −2√−1∂Φ̂∂(ℓλω′(1) − ω′(1)ℓλ)
= −2√−1∂Φ̂((ω′(1)λ−H(ω′(1)λ))ω′(1) + ω′(1)(ω′(1)λ−H(ω′(1)λ)))
= 2
√−1∂Φ̂(H(ω′(1)λ)ω′(1) + ω′(1)H(ω′(1)λ))
From Lemmas 4.4 and 5.4 we have
ED1 (λ, µ) = −2
∫
C
ℓµ · (1−H)(ℓλω′(1) − ω′(1)ℓλ) · ω′′(1)
= 4
∫
C
ℓµ · ∗∂Φ̂(H(ω′(1)λ)ω′(1) + ω′(1)H(ω′(1)λ)) · ω′′(1)
= 4M
∫
C
∗∂Φ̂(H(ω′(1)λ)ω′(1) + ω′(1)H(ω′(1)λ))ω′′(1)ℓµ
= 4M
∫
C
∗∂Φ̂(H(ω′(1)λ)ω′(1))(ω′′(1)ℓµ − ℓµω′′(1))
= 4M
∫
C
H(ω′(1)λ)ω′(1)Φ̂d ∗ (ω′′(1)ℓµ − ℓµω′′(1)).
The last line follows from ( 4.4). 
By similar computation we have
(5.5) ED1 (λ, µ) = 4
√−1M
∫
C
H(ω′(1)λ)ω′(1)Φ̂(H(ω′′(1)µ)ω′′(1) + ω′′(1)H(ω′′(1)µ)).
6. The second variation of the function ag.
This section is devoted to proving
Theorem 6.1.
−2√−1
2g(2g + 1)
∂∂ag =
1
(2g − 2)2 (e
F
1 − eJ1 ).
JOHNSON’S HOMOMORPHISMS AND THE ARAKELOV-GREEN FUNCTION 19
In the setting of ( 2.7) we denote by
◦
© the antiholomorphic part of the variation

©. By Theorem 2.2 we have
(6.1) (∂∂ag)(λ, µ) = 2
√−1
∫
C
◦
Ξ λ
for any λ and µ ∈ C∞(C;TC ⊗ T ∗C). From ( 2.10) the quadratic differential Ξ is
given by
Ξ = M(ν0ν0) + 4M ∗ ∂Φ̂(ν0 ∧ ω′′(1))ω′(1)
= M(ν0ν0) + 4M(ν1ω
′
(1)).
Here we write simply
ν1 = ∗∂Φ̂(ν0 ∧ ω′′(1)).
From Lemma 2.1 it follows
(6.2)
◦
ω(1)= dΦ̂d ∗ (2ω′′(1)µ) = dℓµ.
Hence we have
◦
Ω0 =
◦
ω(1) ∧ω(1) + ω(1)∧ ◦ω(1)= d(ℓµω(1) − ω(1)ℓµ)(6.3)
◦
B =
1
2g
m
◦
Ω0=
1
g
d(ℓµ · ω(1)).(6.4)
Let Ω = {Ωt}, t ∈ R, |t| ≪ 1, be a family of 2-forms with values in the algebra T̂ .
Assume A :=
∫
C
Ω ∈ T̂ is constant, and denote ν := ∗∂Φ̂(Ω). Then we have
Lemma 6.2.
◦
ν=
1
2
(
∫
C
Ωℓµ) · ω(1) + ∗∂Φ̂
◦
Ω −1
g
A ∗ ∂Φ̂d(ℓµ · ω(1)).
Proof. Differentiating (∗+√−1)ν = 0, we get 0 = ∗ν+(∗+√−1) ν = −2√−1νµ+
2
√−1( ν)′′. Hence ( ν)′′ = νµ, and so ◦ν = (◦ν)′ = H◦ν + 2 ∗ ∂Φ̂∂ ◦ν.
Since
∫
C
ν ∧ ω(1) = 0 and dν = ∂ν = 12Ω− 12AB, we have
H◦ν = −(
∫
C
◦
ν ∧ ω(1)) · ω(1) = (
∫
C
ν∧ ◦ω(1)) · ω(1)
= (
∫
C
ν ∧ dℓµ) · ω(1) = (
∫
C
(dν)ℓµ) · ω(1) =
1
2
(
∫
C
Ωℓµ) · ω(1).
The last line follows from
∫
C Bℓ
µ = 0. Hence we obtain
◦
ν = H◦ν + 2 ∗ ∂Φ̂∂ ◦ν= H◦ν + ∗∂Φ̂( ◦Ω −A
◦
B)
=
1
2
(
∫
C
Ωℓµ) · ω(1) + ∗∂Φ̂
◦
Ω −1
g
A ∗ ∂Φ̂d(ℓµ · ω(1)),
as was to be shown. 
Differentiating (∗−√−1)ω(1) = −2
√−1ω′(1), we obtain from
◦∗ ω(1) = 2
√−1ω′′(1)µ
and ( 6.2)
−2√−1(ω′(1))◦ =
◦∗ ω(1) + (∗ −
√−1) ◦ω(1)
= 2
√−1ω′′(1)µ− 4
√−1∂Φ̂d ∗ (ω′′(1)µ) = 2
√−1H(ω′′(1)µ),
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so that
(6.5) (ω′(1))
◦ = −H(ω′′(1)µ).
Hence
(6.6) M
∫
C
ν1(ω
′
(1))
◦λ = −M
∫
C
∗∂Φ̂(ν0 ∧ ω′′(1))H(ω′′(1)µ)λ = 0,
since H ′ and H ′′ are isotropic. Applying Lemma 6.2 to ν1 we have
4M
∫
C
(ν1ω
′
(1))
◦λ = 4M
∫
C
◦
ν1 ω
′
(1)λ
= 2M
(∫
C
ν0 ∧ ω(1)ℓµ
)
·
(∫
C
ω′(1)ω
′
(1)λ
)
+4M
∫
C
∗∂Φ̂((ν0 ∧ ω(1))◦)ω′(1)λ
= 2M
(∫
C
ν0 ∧ ω(1)ℓµ
)
·
(∫
C
ω′(1)ω
′
(1)λ
)
+ 2M
∫
C
(ν0 ∧ ω(1))◦ℓλ
= 2M
(∫
C
ν0 ∧ ω(1)ℓµ
)
·
(∫
C
ω′(1)ω
′
(1)λ
)
+ 2M
∫
C
ν0(dℓµ)ℓ
λ(6.7)
+2M
∫
C
◦
ν0 ω(1)ℓ
λ
Now we complute the third term 2M
∫
C
◦
ν0 ω(1)ℓ
λ. From Lemma 6.2 applied to
ν0 it follows
(6.8)
◦
ν0=
1
2
(∫
C
ω(1) ∧ ω(1)ℓµ
)
·ω(1)+∗∂Φ̂d(ℓµω(1)−ω(1)ℓµ)−
1
g
I ∗∂Φ̂d(ℓµ ·ω(1)).
We have
M
(∫
C
ω(1) ∧ ω(1)ℓµ
)
·
(∫
C
ω(1) ∧ ω(1)ℓλ
)
= −M(LλLµ)
= −1
2
M̂(NLλ)Lµ +
1
2
M̂LλLµ.
Since H ′ and H ′′ are isotropic,
2M
∫
C
∗∂Φ̂d(ℓµω(1) − ω(1)ℓµ)ω(1)ℓλ = 2M
∫
C
∗∂Φ̂d(ℓµω′(1))ω′′(1)ℓλ
= M
∫
C
ℓµω′(1)ω
′′
(1)ℓ
λ +M
(∫
C
ℓµω′(1)ω(1)
)
·
(∫
C
ω(1)ω
′′
(1)ℓ
λ
)
= g
∫
C
ℓλ · ℓµB − 1
2
M̂(LλLµ).
On the other hand, from ( 4.2),
(g − 1)2cµ · cλ =
(∫
C
(ℓµ · ω(1)) ∧ ω(1)
)
·
(∫
C
ω(1) ∧ (ω(1) · ℓλ)
)
= −
∫
C
H(ℓµ · ω(1))ω(1) · ℓλ
= −
∫
C
(ℓµ · ω(1))(ω(1) · ℓλ) + 2
∫
C
∗∂Φ̂d(ℓµ · ω(1))ω(1) · ℓλ
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Hence
−2
g
M
∫
C
I ∗ ∂Φ̂d(ℓµ · ω(1))ω(1)ℓλ = −
2
g
∫
C
∗∂Φ̂d(ℓµ · ω(1))ω(1)ℓλ
=
(g − 1)2
g
cλ · cµ + 1
g
∫
C
(ℓλ · ω(1))(ω(1) · ℓµ).
Consequently we obtain
2M
∫
C
◦
ν0 ω(1)ℓ
λ(6.9)
= −1
2
M̂(NLλ)Lµ + g
∫
C
ℓλ · ℓµB + (g − 1)
2
g
cλ · cµ + 1
g
∫
C
(ℓλ · ω(1))(ω(1) · ℓµ).
Next we compute
∫
C M(ν0ν0)
◦λ. Here we remarkM(Iν0) = mν0 = m∗∂Φ̂(ω(1)∧
ω(1)) = 2g ∗ ∂Φ̂B = 0. From ( 6.8)
M(ν0ν0)
◦ = 2M(
◦
ν0 ν0)
= M(
(∫
C
ω(1) ∧ ω(1)ℓµ
)
· ω(1)ν0) + 2M(∗∂Φ̂d(ℓµω(1) − ω(1)ℓµ)ν0).
The second term is equal to
4M(∗Φ̂d(ℓµω′(1))ν0) = 2M(ℓµω′(1)ν0)− 2M(H(ℓµω′(1))ν0)
= 2M(ν0ℓµω
′
(1)) + 2M(
(∫
C
ℓµω′(1)ω
′′
(1))
)
· ω′(1)ν0).
Since ω′(1)λ = H(ω′(1)λ) + ∂ℓλ, we have∫
C
M(ν0ν0)
◦λ
= M
(∫
C
ω(1) ∧ ω(1)ℓµ
)
·
∫
C
ω(1)ν0λ+ 2M
∫
C
ν0ℓµH(ω′(1)λ)(6.10)
+2M
∫
C
ν0ℓµdℓ
λ + 2M(
(∫
C
ℓµω′(1)ω
′′
(1))
)
·
(∫
C
ω′(1)ν0λ
)
).
By ( 4.5)
2
∫
C
ω(1)ν0λ = 2
∫
C
ω′(1)ν0λ = −2
∫
C
ω′(1)λν0 =
∫
C
ℓλω(1) ∧ ω(1) = Lλ.
Hence the sum of the first and the fourth terms in ( 6.10) is
1
2
M̂(LµLλ) +M(Lµ · Lλ) = −1
2
M̂(NLλ)Lµ.
The second term in ( 6.7) and the third in ( 6.10) are
2M
∫
C
ν0(dℓµ)ℓ
λ + 2M
∫
C
ν0ℓµdℓ
λ = 2M
∫
C
(dν0)ℓµℓ
λ
= M
∫
C
ω(1) ∧ ω(1)ℓµℓλ −M
∫
C
IBℓµℓλ
=
∫
C
(ℓλ · ω(1))(ω(1) · ℓµ) +
∫
C
ℓλ · ℓµB.
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The first in ( 6.7) and the second in ( 6.10) are
2M
(∫
C
ν0ω(1)ℓµ
)
·
(∫
C
ω′(1)ω
′
(1)λ
)
+ 2M
∫
C
ν0ℓµH(ω′(1)λ)
= 2M
(∫
C
ν0(ω(1)ℓµ − ℓµω(1))
)
·
(∫
C
ω′(1)ω
′
(1)λ
)
= 2M
(∫
C
ω(1) ∧ ω(1)Φ̂d ∗ (ω′′(1)ℓµ − ℓµω′′(1))
)
·
(∫
C
ω′(1)ω
′
(1)λ
)
= 2M
(∫
C
ω′(1)ω
′
(1)λ
)
·
∫
C
ω(1) ∧ ω(1)Φ̂d ∗ (ω′′(1)ℓµ − ℓµω′′(1))
= 2M
∫
C
H(ω′(1)λ)ω′(1)Φ̂d ∗ (ω′′(1)ℓµ − ℓµω′′(1))
=
1
2
ED1 (λ, µ).
Consequently we obtain∫
C
◦
Ξ λ
= −M̂(NLλ)Lµ + (g + 1)
∫
C
ℓλ · ℓµB + g + 1
g
∫
C
(ℓλ · ω(1))(ω(1) · ℓµ)
+
1
2
ED1 (λ, µ) +
(g − 1)2
g
cλ · cµ
= −EJ1 (λ, µ) +
2g + 1
2g
EF1 (λ, µ) +
1
2
ED1 (λ, µ)
=
(2g + 1)2g
4(2g − 2)2 (e
F
1 − eJ1 ),
which means
−2√−1
2g(2g + 1)
∂∂ag =
1
(2g − 2)2 (e
F
1 − eJ1 ).
This completes the proof of Theorem 6.1.
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